
Available online at www.sciencedirect.com
www.elsevier.com/locate/ijhmt

International Journal of Heat and Mass Transfer 51 (2008) 41–51
Analysis of the mass transfer controlled regime
in automotive catalytic converters

H. Santos a, M. Costa b,*

a Mechanical Engineering Department, School of Technology and Management, Polytechnic Institute of Leiria, Leiria, Portugal
b Mechanical Engineering Department, Instituto Superior Técnico, Technical University of Lisbon, Lisboa, Portugal
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Abstract

This article concentrates on the analysis of the mass transfer controlled regime in automotive catalytic converters operating under real
conditions. The main objective of the work reported is to evaluate the performance of the existing correlations for the mass transfer rate,
expressed as the Sherwood (Sh) number, against new experimental data and, if necessary, to establish new correlations that can be used
in 1D two-phase models. The experiments have included measurements of conversion efficiencies for hydrocarbons, CO and NOx from
ceramic and metallic three way catalytic converters. The present data show that the calculated Sh are always below the asymptotic Sh.
This indicates that, in addition to the external mass transfer limitation, both kinetics and internal pore diffusion limitations in the wash-
coat also contribute to reduce the catalytic converter performance even at high temperatures. In addition, the experimental data reveals
that Sh’s are chemical species dependent, which, to the best of our knowledge, has not been reported previously. The following corre-
lations for the mass transfer rate were obtained from the experiments: ShHC ¼ 0:6272ðReScHC

d
L Þ

0:934, ShCO ¼ 0:9260ðReScCO
d
L Þ

1:078 and
ShNOx ¼ 1:2824ðReScNOx

d
L Þ

1:079:
� 2007 Elsevier Ltd. All rights reserved.
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1. Introduction

The introduction of emissions legislation in the early
1970s has accelerated research into all areas of automotive
exhaust gas catalysis. Currently, the two most common
catalysts available in the market are ceramic and metallic
substrates [1]. In both cases, the substrate wall is treated
with a 10–150 lm thick porous layer (washcoat) containing
catalysts supports, stabilizers and promoters, where the
active metal sites are dispersed by impregnation. Within
this washcoat, the reactants diffuse and react on the active
catalyst sites.

A number of models have been proposed to describe the
coupling between the mass, heat and chemical reaction in
0017-9310/$ - see front matter � 2007 Elsevier Ltd. All rights reserved.
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automotive catalytic converters. Classical one-dimensional
(1D) models of automotive catalysts with simplified repre-
sentation of the fluid flow through the device have proven
their effectiveness in designing catalyst systems [2]. A major
simplification of these models is to represent the whole
matrix by a single channel with the assumption of equiva-
lent passages with no interaction. These models assume
that the catalyst is perfectly insulated and that it is exposed
to a uniform flow. The effects of thermal gradients in the
radial direction are presumed to be insignificant and the
temperature and concentration profiles are assumed to be
the same in all channels. This allows the entire catalysts
to be modeled with only one channel.

The model formulation depends on the system or device
where modeling is applied as well as the design parameters
under investigation. The full reactor model requires a
strong computational time which would make it nearly
impossible for full transient regulatory cycle [2]. In addition,
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Nomenclature

AX cross-sectional area of the channel [m2]
A
V mass transfer area per unit of the catalyst vol-

ume [m�1]
C surface roughness constant
Ci concentration of the chemical specie i [mol m�3]
C0,i concentration of the chemical specie i at the

channel inlet [mol m�3]
Cw,i concentration of the chemical specie i at the sur-

face of the washcoat [mol m�3]
d hydraulic diameter of the monolith cell channel

[m]
Dm,i molecular diffusion of the reacting specie i

[m2 s�1]
L length of the channel [m]
km,i mass transfer coefficient from the bulk gas to the

washcoat surface [m s�1]
kS,i effective surface rate constant of the reacting

specie i [m s�1]
kV,i reaction rate constant per volume of the wash-

coat [s�1]
NTU, NTUi number of transfer units
Pi transverse Peclet number
Pei axial Peclet number
PX wetted perimeter of the channel [m]
RX effective transverse diffusion length [m], (RX =

AX/PX)

R2 correlation coefficient
Re Reynolds number
Sci Schmidt number
Sh, Shi Sherwood number
ShT1 asymptotic Sherwood number at constant wall

temperature
tc convection (residence) time [s]
td,i transverse diffusion time [s]
tz,i longitudinal diffusion time [s]
tR,i wall reaction time [s]
v flow velocity in the longitudinal direction

[m s�1]
w volumetric washcoat loading per volume cata-

lyst
z axial length [m]

Greek symbols

dC effective washcoat thickness [m]
/2

S;i square of transverse Thiele modulus
g effectiveness factor of the reaction in the wash-

coat
mg kinematic viscosity of the exhaust gas mixture

[m2 s�1]

Subscript

i chemical specie i
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full reactor model requires velocity and temperature profiles
at the inlet of the catalytic converter. Such data are usually
unavailable in routine engine-bench or driving cycle con-
verter tests, which are the main application field of automo-
tive catalytic converters models. In these cases, accuracy
may be slightly sacrificed because of constraints such as
simplicity or flexibility. Under these circumstances, the sin-
gle channel modeling approach is preferable for these appli-
cation-oriented models [3].

The mass or heat transfer within a single channel can be
described by two inherently coupled processes: external
transfer from the bulk to the substrate and internal transfer
inside the porous washcoat as illustrated in Fig. 1. Hence,
the behavior of a single channel can be mathematically
described by a convection–diffusion equation in the fluid
phase coupled with the diffusion-reaction equation within
Fig. 1. Schematic representa
the washcoat involving more than one spatial dimension.
Instead, the monoliths have been studied by decoupling
the above two process while lumping the effect of washcoat
diffusion into the known effectiveness factor. This has
resulted in two broadly classified hierarchical models:
two-dimensional (2D) convection–diffusion models with
wall reaction [4] and 1D two-phase models [2,3,5]. Over
the years, 1D two-phase models, which are derived by
averaging the full model over the channel cross section,
became more popular not only because of their simplicity
but also because of the less computational time required
for the solution.

External mass transfer is especially important when
modeling catalytic converters. The 1D models require the
averaging of the radial concentration and temperature of
the fluid. This creates a discontinuity at the wall that is
tion of a single channel.
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accounted for by introducing heat and mass transfer coef-
ficients into the model. The transfer coefficients that appear
in the 1D two-phase models depend on various system
parameters, such as shape and dimensions of the channel,
kinetic parameters, fluid and washcoat proprieties and
are often expressed in terms of dimensionless numbers, spe-
cifically the Sherwood (Sh) and the Nusselt (Nu) numbers.
In the 2D case, it is possible to impose correctly the flux
boundary condition, and thus the need for heat and mass
transfer correlations does not exist.

The literature reveals a number of different correla-
tions concerning the mass transfer coefficient in monolithic
reactors [6–10]. In fact, the existing correlations for the
mass transfer coefficients differ significantly and there is no
established consensus as to which, if any, is correct. Since
Sherwood numbers can have a significant effect on the
predicted emissions for automotive catalysts, accurate
knowledge of mass transfer coefficients is thus essential for
1D mathematical modeling of their performance. Against
this background, the choice of proper correlations for the
evaluation of heat and mass transfer coefficients is a critical
point for the adequacy of 1D model predictions [11].

Hawthorn [6] recognized the need to determine heat and
mass transfer coefficients in order to model the perfor-
mance of afterburner catalysts. Using the analytical solu-
tions presented by Kays and London [12] for fully
developed flow and based on the numerical analysis of lam-
inar flow in ducts, Hawthorn [6] proposed the following
semi-analytical equation for the average Sherwood number
(Sh) in a monolith channel with laminar flow and develop-
ing boundary layers:

Sh ¼ ShT1 1þ CReSc
d
L

� �0:45

ð1Þ

where ShT1 is a constant that depends on the geometry of
the transverse section of the monolith channel, and corre-
sponds to an asymptotic Sherwood number for zero con-
centration at the wall, that is, constant temperature at
the wall. For automobile monolith catalysts, the value of
the constant C is taken equal to 0.095.

Several experimental correlations for the external mass
transfer coefficient of monolith catalysts have been
reported in the literature. Table 1 identifies the main contri-
butions, including a summary of the test conditions used in
each study. Votruba et al. [7] measured the rates of evapo-
ration of water and a number of hydrocarbons from the
surface of porous monolith structures. These authors veri-
fied that Eq. (1) did not provide a good fit of their data and
developed the following empirical correlation:

Sh ¼ 0:705 Re
d
L

� �0:43

Sc0:56 ð2Þ

Votruba et al. [7] concluded that although this correlation
could be used for the design of after-burner reactors, there
was still a need for further experimental data.
Bennett et al. [8] reported mass transfer coefficients for
the oxidation of propane (C3H8) within a monolith catalyst
along with the following correlation:

Sh ¼ 0:0767 1þ ReSc
d
L

� �0:829

ð3Þ

These authors verified that Eq. (1) overestimated their mass
transfer rates by a factor of 20, whereas Eq. (2) overesti-
mated their measured values by a factor of 3.

Ullah et al. [9] conducted experiments with ceramic and
metallic substrates to measure mass transfer coefficients
under reacting conditions (CO oxidation) and obtained
the following correlation:

Sh ¼ 0:766 ReSc
d
L

� �0:483

ð4Þ

The values reported by Ullah et al. [9] for Sherwood agreed
well with those predicted by Eq. (2).

Hatton et al. [10] reported hydrocarbons (HC) and CO
concentration data measured at the inlet and outlet of cera-
mic square monolith channels with rounded corners, and
the calculated Sh’s were used to obtain the following
equation:

Sh ¼ 0:6024 ReSc
d
L

� �0:716

ð5Þ

These investigators verified that the overall conversion
efficiency of the after-treatment system was not solely
mass transfer controlled and they suggested that chemical
kinetics play a role in the Sherwood number relationship
found.

Shamim [13] investigated the influence of the heat and
mass transfer coefficients on the performance of automo-
tive catalytic converters, and concluded that catalyst per-
formance is influenced by both heat and mass transfer
phenomena, with mass transfer playing a more substantial
role. This investigator showed that cumulative CO emis-
sion decreases by about 73% when Sh is increased from 1
to 10. Hatton et al. [10] also showed that the use of different
Sherwood numbers could lead up to 55% difference in the
predicted cumulative emissions of HC, CO and NOx. This
result clearly emphasizes the importance of the accurate
modeling of the mass transfer phenomenon.

In spite of the large use of the correlation of Votruba
et al. [7] in 1D modeling studies for automotive applica-
tions, e.g. [3,14,15], the validity of Eq. (2) under reacting
conditions has not yet been thoroughly established. Other
modeling studies such as those of Guojiang and Song [16]
and Koltsakis et al. [5] have adopted the correlations of
Ullah et al. [9] and Hawthorn [6], respectively. All these
modeling studies demonstrate that there are not consen-
suses on the correlation to be used.

In this context, the main goal of the present study was to
evaluate the performance of the existing correlations
against new experimental data and, if necessary, to estab-
lish new correlations for Sh that can be used in 1D



Table 1
Summary of the test conditions and correlations derived for the Sherwood number for various studies

Reference d (mm) L (mm) Re Sc ReSc(d/L) Temperature
(K)

Probe
reaction

Feed stream Catalytic
converter

Correlation

Votruba et al. [7] 1–10 12–40 3–480 0.6–3.28 1.2–1312 (not
available)

(not applied) H2O and HC
evaporation

(not applied) Sh ¼ 0:705 Re d
L

� �0:43
Sc0:56

Bennett et al. [8] 1 3, 6, 20, 38 13.5–45 1.21 1.21–18.15 680–800 C3H8

oxidation
1000 ppm C3H8

in air
Ceramic
62 cells/cm2

Sh ¼ 0:0767 1þ ReSc d
L

� �0:829

Ullah et al. [9] 1 20, 30, 40,
50, 150

– 0.98 0.8–130 473–673 CO
oxidation

0.5% CO and
0.25% O2 in N2

Metallic and
ceramic 31, 47,
62 cells/cm2

Sh ¼ 0:766 ReSc d
L

� �0:483

Hatton et al. [10] 1 100 – – 0.5–3.70 583–873 CO and HC
oxidation

Four stroke
spark ignition
exhaust gases
mixture

Ceramic three
way converter
62 cells/cm2

Sh ¼ 0:6024 ReSc d
L

� �0:716

Present work 0.969 120 33.3–148.2 – 0.17–1.38 638–1074 CO and HC
oxidation
and NOx

reduction

Four stroke
spark ignition
exhaust gases
mixture, see [15]

Metallic three
way converter
62 cells/cm2

ShHC ¼ 0:6272 ReScHC

d
L

� �0:934

ShCO ¼ 0:9260 ReScCO
d
L

� �1:078

ShNOx ¼ 1:2824 ReScNOx
d
L

� �1:079
1.105 120 44.9–199.5 – 0.26–2.11 638–1074 CO and HC

oxidation
and NOx

reduction

Four stroke
spark ignition
exhaust gases
mixture, see [15]

Ceramic three
way converter
62 cells/cm2
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Table 3
Main technical attributes of the catalysts studied

(a) Geometrical properties

Substrate type Sinusoidal
cell metallic

Square
cell ceramic

Cell density (cells/cm2) 62 (400 cpsi)
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two-phase models and, thereby, improve the reliability of
these models. The experiments have included measure-
ments of conversion efficiencies for HC, CO and NOx from
ceramic and metallic three way catalytic converters operat-
ing under real automotive conditions.
Substrate dimensions (mm) Diameter = 127; L = 120
Catalyst volume (dm3) 1.52
Uncoated geometric surface area

(m2/m3)
3684 2740

Coated geometric surface area (m2/m3) 3220 2526
Uncoated wall thickness (mm) 0.0508

(2 mil)
0.1651
(6.5 mil)

Mean washcoat thickness (mm) 0.019 0.025
Open frontal area uncoated (%) 89.3 75.7
Open frontal area coated (%) 82.6 69.0
Cell hydraulic diameter uncoated (mm) 0.9694 1.105

(b) Physical properties of substrates

Specific heat capacity of substrate
(J/kgK)

463 719

Density of substrate (kg/m3) 7650 1770
Bulk density of substrate (kg/m3) 820 430
Substrate mass (g) 1165 628
Heat capacity of substrate (J/Kdm3) 390 326
Thermal conductibility (W/mK) 13 1

(c) Physical properties of washcoat

Washcoat material CeO2–Al2O3

Specific heat capacity of
washcoat (J/kgK)

950

Density of washcoat (kg/m3) 2790
Bulk density of washcoat (kg/m3) 185
Washcoat mass (g) 281.2
Heat capacity of washcoat (J/Kdm3) 175.75
Thermal conductibility of washcoat

(W/mK)
1

(d) Precious metals

Precious metal loading 7 Pd/1 Rh
Total mass of precious metal (g) 1.159
2. Instrumentation and test procedures

This section describes the experiments performed in
order to measure the mass transfer coefficients in monoliths
under reacting conditions. All experiments were carried out
with temperatures above the light-off temperature where
the performance of the units is controlled mainly by exter-
nal mass transfer of the exhaust gas to the catalyst surface.
The present experimental procedure was similar to that
used by Bennett et al. [8], Ullah et al. [9] and Hatton
et al. [10].

The measurements reported here were carried out on a
vehicle equipped with a 2.8 L DOHC V6 spark ignition
engine that has multipoint fuel injection. Table 2 lists the
main characteristics of the engine. The vehicle was tested
on a chassis dynamometer (Maha LPS200) under steady-
state conditions for a variety of operating conditions in
order to measure the catalytic converters conversion
efficiencies. In this study, two commercial catalysts have
been used and Table 3 lists their main characteristics. In
order to perform the experiments, each catalyst was in turn
placed in the so called under-floor position replacing the
original three way catalytic converter installed on the
vehicle.

Engine control on-line data was monitored using a
Bosch KTS 500 engine diagnostic scanner connected to a
diagnostic link, located within the vehicle below the dash-
board. The scanner provided the following engine parame-
ters: intake mass air flow (g/s), intake air temperature (�C),
coolant temperature (�C), engine speed (rpm), throttle
position (%) and spark advance (�), among others.

Fig. 2 shows a schematic of the vehicle exhaust system
and associated instrumentation for the measurements of
the gas emission data upstream and downstream of the
catalytic converter. Exhaust gas was sampled from the
exhaust pipe through stainless steel probes with the aid of
the suction pump as shown in Fig. 2. The analytical instru-
mentation included a magnetic pressure analyzer for O2

measurements, non dispersive infrared gas analyzers for
CO2 and CO measurements, a flame ionization detector
Table 2
Main engine characteristics

Number of cylinders 6
Displacement (cm3) 2792
Bore (mm) 81
Stroke (mm) 90.3
Compression ratio 1:10
Injection system Motronic M 3.8.1
Number of valves 12 (2 per cylinder)
for HC measurements and a chemiluminescent analyzer
for NOx measurements. Zero and span calibrations with
standard mixtures were performed before and after each
measurement session. The maximum drift in the calibration
was within ±2% of the full scale.

Fig. 3 shows a schematic of the type K thermocouples
location in the vehicle exhaust system for the measurement
of the temperatures of the exhaust gases and of the sub-
strate wall. As can be seen in the figure, thermocouples
T1 and T6 allowed for the measurement of the exhaust
gas temperature upstream and downstream of the catalytic
converter, and thermocouples T2, T3, T4 and T5 allowed
for the measurement of the substrate wall tempera-
tures. Finally, thermocouple T7 allowed for the measure-
ment of the temperature of the gases at exit of exhaust
manifold.

Table 4 summarizes the test conditions for which the
present study was carried out. The engine was tested under
steady-state operating conditions (i.e., after engine warm-
up). For each engine speed (2000, 3000 and 4000 rpm)
tests were made for six different loads (BMEP – break



Fig. 2. Schematic of the vehicle exhaust system and associated instrumentation for the measurement of the gas emission data upstream and downstream of
the catalytic converter.

Fig. 3. Schematic of the thermocouples location in the vehicle exhaust system for the measurement of the temperatures of the exhaust gases and of the
substrate wall.

Table 4
Test conditions

Engine speed (rpm) BMEP (bar) Re PHC PeHC PCO PeCO PNOx PeNOx

Vehicle Metallic three way catalyst

2000 0.00–2.91 33.3–67.9 0.021–0.041 5901.2–9981.5 0.012–0.024 2940.6–5765.2 0.010–0.021 2568.5–5035.7
3000 0.00–4.49 48.7–115.4 0.030–0.067 7269.6–16530.3 0.017–0.039 4198.8–9547.6 0.015–0.034 3667.6–8339.6
4000 0.00–5.25 64.3–148.2 0.039–0.086 9442.2–21113.2 0.023–0.050 5453.7–12194.6 0.019–0.043 4763.6–10651.7

Vehicle Ceramic three way catalyst

2000 0.00–2.91 44.9–91.4 0.032–0.062 6005.3–11777.7 0.018–0.036 3496.5–6855.1 0.016–0.031 3029.7–5939.9
3000 0.00–4.49 65.6–155.3 0.045–0.103 8574.9–19498.3 0.026–0.060 4992.6–11352.7 0.023–0.052 4326.0–9837.0
4000 0.00–5.25 86.6–199.5 0.059–0.132 11137.5–24904.0 0.034–0.077 6484.7–14500.1 0.030–0.067 5618.9–12564.2
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mean effective pressure). In order to establish steady-state
operating conditions, the vehicle was operated continu-
ously at a given speed and load for 20–30 min before each
measurement session.
3. The one-dimensional model

The processes occurring in a catalytic converter are very
complex, involving fluid mechanics, heat and mass transfer
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and catalytic reactions. To characterize the flow and the
reactions the following four characteristic times are used:

tc ¼
L
v

ð6aÞ

td;i ¼
ðRXÞ2

Dm;i
ð6bÞ

tz;i ¼
L2

Dm;i
ð6cÞ

tR;i ¼
ðRX=4Þ

kS;i
ð6dÞ

Note that the convection time is the same for the three
chemical species under evaluation (HC, CO and NOx);
however, this is not true for both the transverse and the
axial diffusion times as well as for the wall reaction time
because the diffusion and the reaction times are dependent
of the chemical species.

The above characteristic times lead to the following
three independent dimensionless groups:

P i ¼
td;i

tc

¼ R2
Xv

Dm;iL
ð7aÞ

Pei ¼
tz;i

tc

¼ vL
Dm;i

ð7bÞ

/2
S;i ¼

td;i

tR;i
¼ 4RXkS;i

Dm;i
ð7cÞ

where the transverse Peclet number (Pi) represents the ratio
of transverse diffusion time to convection time, the axial
Peclet number (Pei) represents the ratio of axial diffusion
time to convection time and the square of transverse Thiele
modulus (/2

S;i) – also referred as the local Damköhler num-
ber – represents the ratio of transverse diffusion time to the
wall reaction time.

In addition, the definitions of three classical dimension-
less groups used in this work are as follows:

Re ¼ vd
mg

ð8aÞ

Sci ¼
mg

Dm;i
ð8bÞ

Shi ¼
km;id
Dm;i

ð8cÞ

According to Eqs. (7) and (8), the diffusion coefficients of
the HC, CO and NOx in the exhaust gas mixture have to
be calculated. To carry out the calculations of the diffusion
coefficients has been used the procedure described in
McCullough et al. [17].

The dimensionless numbers Re, Pi and Pei are function
of variables which are directly (the hydraulic diameter, d)
or indirectly (the effective transverse diffusion length, RX,
and the flow velocity, v) dependent of the geometrical pro-
prieties of the substrates, see Eqs. (7) and (8). Table 4
shows that the ceramic substrate has higher Re, Pi and
Pei values as compared with the metallic substrate as a
result of the different geometrical properties of the sub-
strates. Specifically, Re, Pi and Pei are 34.6%, 53.2% and
18.9%, respectively, higher for the ceramic substrate as
compared with the metallic substrate for each operating
condition.

The flow regime in the exhaust manifold is turbulent [3].
Within the channels of the catalytic converter, however, the
Reynolds number indicates that the flow is laminar [18] –
for the present study Re is less than 200 for all tested con-
ditions (see Table 4). It is well known that laminar flow is
less favorable as compared with turbulent flow for external
mass transfer. The transition of flow regime (i.e., from tur-
bulent in exhaust manifold to laminar within channels of
the monolith) occurs few millimeters after the entrance
in the monolith channels, that is, after the entrance region,
the flow is fully developed in all extension of the monolith
channels. The transport of the chemical gas species to the
surface of the monolith is guaranteed mainly by diffusion
(Pi 6 0.132 for the present study), while the axial transport
is primarily guaranteed by convection (Pei P 2568.5 for
the present study).

The Sherwood number is calculated from the experi-
mental data using a 1D two-phase model. For this model,
the mass balance for the gas phase is expressed as:

v
oCi

oz
¼ �km;i

A
V
ðCi � Cw;iÞ ð9Þ

For steady state operation, the rate of mass transfer to the
surface of the washcoat must be equal to the rate of con-
sumption by reaction within the washcoat. In this case,
with a first order reaction, the mass balance for the solid
phase is:

km;i
A
V
ðCi � Cw;iÞ ¼ gwkV;iCw;i ð10Þ

Eq. (10) can be rewritten in the following form:

km;iðCi � Cw;iÞ ¼ gdCkV;iCw;i ð11Þ

where dC is the effective washcoat thickness defined as the
washcoat volume over the solid–fluid interfacial area.

Eq. (11) can be written as follows:

Cw;i

Ci
¼ 1

1þ gdCkV;i

km;i

ð12Þ

Note that kS,i is related with kV,i through the following
equation:

kS;i ¼ gdCkV;i ð13Þ

Using the definitions of /2
S;i Eq. (7c) and Shi Eq. (8c),

results:

gdCkV;i

km;i
¼

/2
S;i

Shi
ð14aÞ

or

kS;i

km;i
¼

/2
S;i

Shi
ð14bÞ
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The relative magnitude of /2
S;i and Shi in Eq. (14) are

indicative of the resistances offered by kinetics plus internal
pore diffusion, and external mass transfer, respectively. The
number of theoretical mass transfer units of a monolith
catalyst can be found by assuming that the rate of catalytic
reaction is infinite, i.e., Cw,i = 0. In these conditions, the
conversion efficiency is controlled solely by external mass
transfer process. Under such conditions, the integration
of Eq. (9) gives the following equation:

Ci ¼ C0;i exp �
km;i

A
V z

v

� �
ð15Þ

From Eq. (15) the number of theoretical mass transfer
units or number of transfer units (NTU) for the substrate
can be defined as:

NTUi ¼
km;i

A
V z

v
ð16Þ

Following the same reasoning, by knowing the conversion
in a given catalyst, one can calculate the number of equiv-
alent mass transfer units to evaluate the influence of the
kinetics and internal pore diffusion limitations.

Rearranging Eq. (15) and using the Eq. (16), one can
write:

ln
Ci

C0;i

� �
¼ �NTUi ð17Þ

Using the definitions of the Reynolds, Schmidt and Sher-
wood numbers (Eqs. (8)), Eq. (17) can be rewritten as
follows:

ln
Ci

C0;i

� �
¼ �

Shi
A
V z

ReSci
; ð18Þ

Rearranging Eq. (18), one gets for Shi:

Shi ¼ �
ReSci

A
V z

ln
Ci

C0;i

� �� �
ð19Þ

or, using Eq. (17), Eq. (19) becomes:

Shi ¼
ReSci

A
V z

NTUi ð20Þ

Eq. (20) permits to calculate the Sherwood number when
the concentration at surface wall is exactly zero, that is,
when the conversion efficiency is controlled only by exter-
nal mass transfer process. Should this condition not be
guaranteed, Eq. (20) will provide a Sherwood number
lower than the asymptotic Sh [19].

4. Results and discussion

Modeling studies (e.g., [19]) shows that, after monolith
ignition, the reaction is very fast so that the wall concentra-
tion of the reacting species is close to zero along the surface
of the channel. Thus for this case the asymptotic Sherwood
can be approximated by the value corresponding to the
constant wall temperature. The dependence of the asymp-
totic Sherwood number on the geometrical proprieties of
the channel is well known [20], being ShT1 = 3.656 for cells
with circular shape and ShT1 = 2.966 and 2.977 for cells
with sinusoidal and square shapes, respectively. In both
substrates, the washcoat material leads to round corners
and, thereby, the values of the Sherwood numbers of the
sinusoidal and square channels approach that of the circu-
lar channels.

Fig. 4 shows the Shi (i = HC, CO and NOx) as a func-
tion of ReSci(d/L) for the ceramic and metallic substrates.
The figure reveals that the Sherwood numbers obtained
experimentally for both three way catalytic converters
operating under real conditions present values lower than
the asymptotic Sh, regardless of the chemical specie consid-
ered. This reveals that the model assumptions that the
washcoat is infinitely thin (no internal diffusion limitations)
and that the wall reaction is infinitely fast are not satisfied,
and thus the conversion is in fact lower than that predicted
by considering pure external mass transfer controlled con-
ditions. It does appear that in the case of an automotive
catalyst, the conversion, even at high temperatures, is not
solely external mass transfer controlled [21,22]. Under
these circumstances, the experimental data reveals that
the use of asymptotic values for the Sherwood number in
1D models leads to an overestimation of the catalytic con-
verter performance.

Fig. 4 also shows that the Sherwood numbers are
chemical species dependent, which, to the best of our
knowledge, has not been reported previously. As seen ear-
lier (see Table 1), most studies on mass transfer in catalytic
monoliths have been carried out under laboratory condi-
tions, where it is difficult to reproduce the real operating
conditions of catalytic converters. It should be noted that
Hatton et al. [10] have obtained Sherwood numbers under
conditions similar to those used in the present study. These
authors have measured HC, CO and NOx conversion effi-
ciencies, but their experimental correlation for Sh has been
derived based only on HC and CO measured data – the
NOx data were considered less accurate and thus ignored
in the analysis. The measured HC and CO data were
grouped together in order to derive their Sh correlation
Eq. (5).

Eq. (20) reveals that the Sherwood number is dependent
of the Reynolds and Schmidt numbers, of the geometrical
proprieties of the catalytic monolith and of the NTU.
There are two main reasons to obtain different Sherwood
numbers for different chemical species: (i) the measured
conversion efficiencies are a function of the chemical spe-
cies, see, e.g., [3,15], which leads to different NTUi; and
(ii) the different diffusion coefficient of the chemical species,
which leads to different Schmidt numbers.

Given the typical Reynolds and Schmidt numbers asso-
ciated to the automotive catalytic converters (see Table 4),
it follows, from Eq. (20), that in order to obtain experimen-
tally asymptotic Sherwood numbers it is necessary to have
conversion efficiencies higher than 99.99%. In the present
study, however, the maximum measured conversion



ShHC = 0.6272[ReScHC(d/L )]0.9342

(R2 = 0.94)

ShCO = 0.9260[ReScCO(d/L )]1.0781

(R2 = 0.96)

ShNOx = 1.2824[ReScNOx(d/L )]1.0787

(R2 = 0.97)

0.0

0.5

1.0

1.5

0 0.5 1 1.5 2 2.5

ReSci (d/L)

Sh
i

HC (metallic substrate) HC (ceramic substrate)
CO (metallic substrate) CO (ceramic substrate)
NOx (metallic substrate) NOx (ceramic substrate)
HC (correlation) CO (correlation)
NOx (correlation)

Fig. 4. Shi as a function of ReSci(d/L).

0.01

0.10

1.00

10.00

0 0.5 1 1.5 2 2.5

ReScHC (d/L )

Sh
H

C

Predictions [6] Predictions [7]

Predictions [8] Predictions [10]

Measurements (present study) Predictions (present study)

Fig. 5. Predicted ShHC by various correlations as a function of
ReScHC(d/L).

H. Santos, M. Costa / International Journal of Heat and Mass Transfer 51 (2008) 41–51 49
efficiencies were around 99% and, thus, the measured NTUi

is not high enough to ensure pure external mass transfer
control. The difference between the theoretical NTUi (i.e.,
NTUi necessary to reach asymptotic Sh) and the measured
NTUi can be used to quantify the influence of the kinetics
and internal diffusion limitations [22]. Our data suggest
that the dependence of Sherwood number on the chemical
species can be attributed to kinetics and internal diffusion
limitations rather than external mass transfer limitations.

Fig. 4 shows that the value of ReSci(d/L) for the ceramic
substrate is higher than that for the metallic substrate. This
is because ReSci(d/L) is equal to 16Pi and, as pointed out in
Section 3, Pi for the ceramic substrate is 53.2% higher than
that for the metallic substrate. Fig. 4 also reveals that the
ceramic catalytic converter presents higher Sherwood num-
bers than those of the metallic catalytic converter. Note,
however, that for comparable flow conditions, the values
of Sh are similar for both substrates. For this reason, the
experimental data in the present study have been grouped
together for both monoliths, as in Ullah et al. [9]. However,
in this study, in contrast with the work of Ullah et al. [9] –
that have used only the CO data to obtain their correlation,
Eq. (4) – we have also considered the Sherwood number
dependence of the chemical species.

Accordingly with the considerations above, the best fit
of the present experimental data was obtained with the fol-
lowing correlations:

ShHC ¼ 0:6272 ReScHC
d
L

� �0:934

for 0:33 < ReScHCðd=LÞ < 2:11

ð21Þ

ShCO ¼ 0:9260 ReScCO
d
L

� �1:078

for 0:19 < ReScCOðd=LÞ < 1:23

ð22Þ

ShNOx ¼ 1:2824 ReScNOx
d
L

� �1:079

for 0:17 < ReScNOxðd=LÞ < 1:07

ð23Þ
Fig. 5 shows the present ShHC along with the ones pre-
dicted through Eqs. (1), (2), (3) and (5) as a function of
ReScHC(d/L). The figure shows that the present data agrees
well with the results predicted by Eq. (5), derived by [10],
see Table 1. It is also seen that Eq. (2), derived by [7],
underpredicts slightly the present ShHC values. This can
be attributed to the different nature of the experiments used
by Votruba et al. [7] – see Table 1. Finally, Fig. 5 reveals
that the results predicted by Eq. (3), derived by [8], are low-
er as compared with all other results included in the figure.
In spite of the temperature range used by Bennett et al. [8]
being similar with that of the present study and also of the
study of Hatton et al. [10] – see Table 1 – Eq. (3) predicts
ShHC 3–4 times lower than those encountered in these stud-
ies. The observed discrepancies can be due to the different
hydrocarbons used in the feed streams, as shown in Table
1. In fact, Bennett et al. [8] have used propane that is a sat-
urated hydrocarbon, whereas in present study and in that
of Hatton et al. [10] the feed stream was constituted by
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exhaust gases from a spark ignition engine. The hydrocar-
bons present in exhaust gases from this device have in their
composition 86% of propylene – unsaturated hydro-
carbon – and 14% of methane – saturated hydrocarbon
[3]. It is well know that saturated hydrocarbons oxidize
more slowly as compared with unsaturated hydrocarbons,
and therefore the kinetic limitation for the saturated hydro-
carbon used by Bennett et al. [8] strongly influence the
measured Sherwood number.

Both the present correlation for ShHC (Eq. (21)) and Eq.
(5), derived by Hatton et al. [10], are based on experimental
measurements under reacting conditions. As can be seen in
Fig. 5, both correlations predict ShHC below the asymp-
totic Sh. Hatton et al. [10] showed that Eq. (1), derived
by Hawthorn [6], predicts HC conversion efficiencies higher
than those measured in their work for high gas tempera-
tures (bulk mass transfer regime). They have concluded
that their correlation (Eq. (5)) predicts HC conversion effi-
ciencies more accurately. The present data supports the
conclusions of Hatton et al. [10] in that the ShHC values
are lower than the asymptotic Sh.

Fig. 6 shows the present ShCO along with the ones pre-
dicted through Eqs. (1), (2), (4) and (5) as a function of
ReScCO(d/L). As mentioned in Section 1, the correlation
derived by Votruba et al. [7] – Eq. (2) – was not obtained
for CO oxidation. However, this correlation is the most
used in 1D models. Given the experimental ranges of
the present work and that of Votruba et al. [7] – see
Table 1 – Fig. 6 includes only one point predicted by
Eq. (2). As can be seen, the value is close to the values pre-
dicted by the others experimental correlations. The figure
also reveals that the present data agrees well with the
results predicted by Eq. (4), derived by Ullah et al. [9]. Note
that the data of Ullah et al. [9] were also derived under
reacting conditions for ceramic and metallic monoliths,
as in the present work. Both correlations were derived
based on the CO oxidation, although the feed streams used
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Fig. 6. Predicted ShCO by various correlations as a function of
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were distinct (see Table 1); this can explain the slightly dis-
crepancy observed between the results.

Finally, Fig. 6 reveals that Eq. (5), derived by Hatton
et al. [10], slightly underpredicts the present data. This is
because these authors have grouped the measured HC
and CO data together in order to derive Eq. (5), as men-
tioned earlier.

Fig. 7 shows the present ShNOx along with the one pre-
dicted through Eq. (1) as a function of ReScNOxðd=LÞ. Note
that none of the existing correlations available in the liter-
ature were derived from NOx data, and therefore correla-
tions derived from HC and CO data have been often
used to predict ShNOx. For example, Hatton et al. [10] have
used their correlation (Eq. (5)) to characterize the external
mass transfer process of HC and CO, but for NOx, given
the poor performance of Eq. (5), they have used Eq. (1),
derived by Hawthorn [6].
5. Conclusions

This article has concentrated on the analysis of the mass
transfer controlled regime in automotive catalytic converters
operating under real conditions. The main goal of this study
was to evaluate the performance of the existing correlations
for the mass transfer rate, expressed as the Sh, against new
experimental data and, if necessary, to establish new corre-
lations that can be used in 1D two-phase models. The exper-
iments have included measurements of conversion
efficiencies for HC, CO and NOx from ceramic and metallic
three way catalytic converters.

The calculated Sh are always below the asymptotic Sh,
which indicates that, in addition to the external mass trans-
fer limitation, both kinetics and internal pore diffusion
limitations in the washcoat also contribute to reduce the
catalytic converter performance even at the high tempera-
tures encountered in automotive catalytic converters.

The experimental data reveals that Sh’s are chemical spe-
cies dependent, which, to the best of our knowledge, has not
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been reported previously. The following correlations for the
mass transfer rate were obtained from the experiments:
ShHC ¼ 0:6272ðReScHC

d
L Þ

0:934, ShCO ¼ 0:9260ðReScCO
d
L Þ

1:078

and ShNOx ¼ 1:2824ðReScNOx
d
L Þ

1:079.
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